Topological superfluids usually refer to a superfluid state which is gapped in the bulk but metallic at the boundary. Here we report that a gapless, topologically non-trivial superfluid with inhomogeneous Fulde-Ferrell pairing order parameter can emerge in a two-dimensional spin-orbit coupled Fermi gas, in the presence of both in-plane and out-of-plane Zeeman fields. The Fulde-Ferrell pairing -induced by the spin-orbit coupling and in-plane Zeeman field -is responsible for this gapless feature. The existence of such an exotic superfluid is not restricted to the pure Rashba or Dresselhaus spin-orbit coupling. However, its phase space becomes extremely narrow when the spin-orbit coupling is tuned towards having an equal weight in Rashba and Dresselhaus components.
Over the past few years, exotic pairing mechanism has gained widespread concern, making it spring up in a wide range of areas from astrophysics, solid-state physics to ultracold atomic physics, to name a few [1] [2] [3] [4] [5] . The spatially modulated Fulde-Ferrell-LarkinOvchinnikov (FFLO) state plays a key role in this mechanism [6, 7] and could emerge in spin-imbalanced systems, in which the Bardeen-Cooper-Schrieffer (BCS) state may become unstable against the pairing with finite centerof-mass momentum. Taking the advantage of high controllability [8, 9] , ultracold atomic Fermi gases are ideal table-top systems for pursuing the FFLO state [10] [11] [12] . Indeed, strong evidence for FFLO superfluidity has been seen in a Fermi cloud of 6 Li atoms confined in one dimensional harmonic traps [4, 13, 14] . Most recently, motived by the realization of synthetic spin-orbit coupling (SOC) in cold atoms [15] [16] [17] , FF superfluidity is also argued to be observable in spin-orbit coupled atomic Fermi gases [18] [19] [20] . It is induced by the combined effect of SOC and in-plane Zeeman field, which leads to the deformation of the Fermi surfaces [21] [22] [23] .
Topological insulators and superconductors have been another hot research area in recent years [24, 25] . These materials are gapped in the bulk but metallic at the boundary, supporting the prerequisites of some crucial physical realities, for example, the non-Abelian anyons used to form quantum gates in fault-tolerant quantum computation [26] . It is now widely believed that topological superconductors (or superfluids) could acquire zeroenergy edge states known as Majorana fermions -nonAbelian particles that are their own antiparticles -which are still mysterious and not observed distinctly in recent experiments [27] [28] [29] . First proposed to be realizable in chiral p-wave superconductors, Majorana fermions could also exist in s-wave superconductors with SOC [30] [31] [32] [33] . ΩR at a given in-plane field δ, the Fermi superfluid may evolve from a gapped FF (gFF, green) to a nodal FF (nFF, red), then a gapless topological FF (tnFF, blue), and finally to a gapped topological FF (tgFF, yellow). The inset shows an enlarged view near ΩR ≃ 0.6EF and δ ≃ 0.5EF . The dot-dashed and solid lines correspond to the first-and second-order phase transition boundaries, respectively.
In the context of ultracold atomic Fermi gases, there are already some theoretical works detailing the emergence and stability of topological superfluids in the presence of an out-of-plane Zeeman field [34] [35] [36] . Interestingly, topological order is compatible with inhomogeneous FF superfluidity [37] [38] [39] [40] . In the case of a two-dimensional (2D) atomic Fermi gas with Rashba SOC and both in-plane and out-of-plane Zeeman fields, a gapped topological FF superfluid has been predicted very recently [39, 40] . In this work, we report the emergence of gapless topological FF superfluid in the same 2D setting, as indicated by the "tnFF" phase in Fig. 1 , which intervenes between the topologically trivial (gFF or nFF) and the gapped topologically non-trivial FF states (tgFF), and occupies a sizable parameter space. Furthermore, its existence is not restricted to the pure Rashba or Dresselhaus SOC. Any type of SOC with an unequal weight in the Rashba and Dresselhaus components can support such an exotic gapless topological FF superfluid (see Fig. 5 ). These findings are remarkable, as commonly topological superfluids are believed to have an energy gap in the bulk [24, 25] . Here our goal is to understand why the gapless energy structure appears and coexists with the topological order, over a broad range of parameters. Understanding this may shed lights on designing new gapless topological materials in solid-state systems.
We emphasize that the emergence of a gapped topological FF superfluid [39, 40] , on the contrary, is straightforward to understand. As discussed in the previous work [20, 22] , the finite momentum pairing in spin-orbit coupled Fermi gases is induced by an in-plane Zeeman field. A gapped FF superfluid is a continuous evolution of its counterpart without the in-plane field and both two superfluids have similar dispersion relation [38] . The latter can undergo the topological phase transition when an out-of-plane Zeeman field is applied above a threshold [30] [31] [32] [33] . In contrast, the gapless topological FF superfluid that we focus on has no such a simple correspondence and we must take into account its non-trivial gapless dispersion relation.
We start by considering the model Hamiltonian of a 2D spin-orbit coupled two-component Fermi gas with the SOC λ xkx σ x + λ yky σ y , the in-plane (δ) and out-of-plane (Ω R ) Zeeman fields, H =´dr[H 0 + H int ], where H 0 is the single-particle Hamiltonian,
and
is the interaction Hamiltonian with a pairwise contact interaction of strength U 0 . Here we have used the notations,
with the atomic mass m and chemical potential µ, and Λ k± ≡ λ xkx +iλ yky ±δ,
is the field operator for creating (annihilating) an atom with pseudo-spin state σ ∈ (↑, ↓) at r. We have explicitly adopted a general form of SOC including both Rashba (i.e., λ x = λ y ) and Dresselhaus (λ x = −λ y ) SOCs. In the recent experiments [16, 17] , only the SOC with equally weighted Rashba and Dresselhaus components has been realized, by using two counterpropagating Raman laser beams. The in-plane (δ) and out-of-plane (Ω R ) Zeeman fields can be created depending on the detailed experimental realization of synthetic SOC. In current experiments [16, 17] , they correspond to the two-photon detuning and Rabi frequency of the laser beams, respectively. In the interaction Hamiltonian, the bare interaction strength U 0 is to be regularized as U
where S is the area of the system and E b is the two-particle binding energy that physically characterizes the interaction strength.
In the presence of an in-plane Zeeman term δσ x in the Hamiltonian, it is known that a finite momentum pairing will arise along the x -direction [20] . Focusing on a FFlike order parameter ∆(r) = −U 0 ψ ↓ (r)ψ ↑ (r) = ∆e iqx at the mean-field level, the interaction Hamiltonian can be approximated by
T , the total Hamiltonian can be rewrit-
where H BdG is given by,
It is straightforward to diagonalize the above Bogoliubov Hamiltonian
T , where ν ∈ (+, −) represents the particle (+) or hole (−) branch, and η ∈(1,2) denotes the upper (1) or lower (2) helicity branch [41] . The mean-field thermodynamic potential Ω at the temperature T is then given by,
where
Taking the advantage of inherent particle-hole symmetry in the Nambu spinor representation [20] , only the eigenvalues in the particle branch (ν = +) is necessary in the calculation of the thermodynamic potential. For a given set of parameters (i.e., the temperature T , binding energy E b etc.), different mean-field phases can be determined using the selfconsistent stationary conditions: ∂Ω/∂∆ = 0, ∂Ω/∂q = 0, as well as the conservation of total atom number, N = −∂Ω/∂µ. At a given temperature, the ground state has the lowest free energy F = Ω + µN . Hereafter we set the Fermi wavevector k F = 4πN/S and Fermi energy E F = 2 k 2 F /(2m) as the units for wavevector and energy, respectively. In all self-consistent calculations, the interaction parameter is given by E b = 0.5E F and the SOC strength is determined by λ = λ 2 x + λ 2 y = E F /k F . For simplicity, we only report the results at zero temperature. case of zero in-plane Zeeman field (δ = 0) has been well explored in the literature [30] [31] [32] [33] . A topological phase transition is driven by the out-of-plane Zeeman field Ω R . The increase of Ω R will not only change the topology of the dispersion relation of two helicity branches via breaking time-reversal symmetry and opening a spin-orbit gap, but it also induce an effective p-wave fermionic pairing in the lower helicity branch [30] . As a result, a gapped topological superfluid emerges continuously above the threshold Ω R,c = µ 2 + ∆ 2 . Associated with this topological phase transition, the energy gap of the system will first close exactly at Ω R,c and then immediately re-open. The presence of a nonzero but small in-plane field will not change this picture, but the in-plane field facilitates the finite-momentum FF pairing due to the Fermi surface deformation in the lower helicity branch [20] . Consequently, a gapped topological FF superfluid appears, as discussed in the previous work [39, 40] .
It is appealing to perceive, however, that a gapless topological FF superfluid can also emerge at the sufficiently large in-plane Zeeman field δ 0.35E F . In this case, with increasing Ω R the Fermi gas is first driven into a gapless state before finally turns into a gapped topological superfluid, as can be clearly seen in Fig. 2(a) , where we plot the evolution of the minimum excitation gap. In the gapless state, the energy of the lower helicity particle branch (E ν=+ η=2 ) becomes less than zero in a small area slightly away from the origin k = 0, as shown in Fig.  2(b) . The nodal points with E ν η=2 (k x , k y ) = 0 form two disjoint loops in the momentum space, see for example Fig. 2(c) , except at a critical value Ω R , where the two loops connect at k = 0. At this value, the topology of the Fermi surface changes, implying the emergence of a gapless topological FF superfluid.
To better characterize the topological phase transition in the gapless state, we calculate the Chern number
associated with the hole branches (ν = −), where γ
is the Berry curvature of the (ν, η) branch [42] . The results are shown in Fig.  2(a) by circles. The topological state is characterized by a nonzero integer Chern number C ν=− = 1. As anticipated, there is a jump in the Chern number, see for example the left inset of Fig. 2(a) , occurring precisely at the critical value Ω R where the topology of the Fermi surface changes. To gain a concrete understanding of this jump, in Fig. 3 we report the Berry curvature
just before and after the topological phase transition. In either case, a sharp peak develops in the k x -k y plane around the origin k = 0, pointing downwards or upwards and sitting on a positive background. In the topologically trivial state, when atoms scatter on the Fermi surface, a Berry phase θ =´d 2 kΓ ν=− ≃ −π is picked up from the downwards peak but cancels with these accumulated from the background, leading to a vanishing Chern number. In contrast, in the topologically non-trivial state, the two contributions are additive and hence yield a nonzero Chern number C ν=− = 1. Our gapless topological FF superfluid can support exotic chiral edge modes, like any topological states [24, 25] . To confirm this fundamental feature, in Fig. 4 we report the energy spectrum of a 2D strip with hard-wall confinement in the y-direction. Two sets of chiral edge states appear due to the confinement. In the gapless topological FF state, they come to cross with each other at k x = 0, giving rise to two zero-energy Majorana fermions. We have confirmed numerically that the wavefunctions of the left-and right-moving chiral edge states are indeed well localized at the two boundaries, respectively. We note that in the phase diagram Fig. 1 , with increasing the in-plane Zeeman field δ the parameter space of the gapless topological FF superfluid (labelled as "tnFF") would become larger. In addition, different competing gapless solutions may exist. This leads to a first-order phase transition between the gapped and gapless FF superfluids, as indicated by the dot-dashed line in Fig. 1 .
We now turn to consider a general SOC characterized by λ x = λ cos ψ and λ y = λ sin ψ. Fig. 5 presents the zero-temperature phase diagram when the SOC is tuned away from the Rashba limit (λ x = λ y or ψ = π/4) and Fig. 6 summarizes the corresponding FF pairing momentum and energy gap. Remarkably, the gapless topological FF superfluid (i.e., blue area) survives over a broad range of the azimuthal angle ψ. This observation is encouraging, as the synthetic SOC -to be experimentally realized in cold-atom laboratories -may not acquire the perfect form of a Rashba SOC. The insensitive dependence of the gapless topological FF superfluid on a particular form of SOC therefore means that this conceptually new topological state of matter is amenable to synthesize with cold atoms. We note that towards an equal weight combination of Rashba and Dresselhaus SOCs (ψ = π/2), the FF pairing momentum decreases to zero as a result of λ x = 0, as shown in Fig. 6(a) . In this limit, all the topological states, gapless or gapped, vanish identically, as one may anticipate.
In summary, we have predicted a gapless topological superfluid with inhomogeneous Fulde-Ferrell pairing in a two-dimensional spin-orbit coupled Fermi gas, which possesses gapless excitations in the bulk as well as nonAbelian Majorana fermions localized at the boundary. It exists over a wide range of parameters and does not require specific form of spin-orbit coupling, and is therefore feasible to observe experimentally in cold-atom laboratories. The gapless excitation in the bulk would lead to richer thermodynamic and dynamic properties of the system. However, as a trade-off our gapless topological Fulde-Ferrell superfluid may not have the same stability as conventional gapped topological superfluid, since the zero-energy Majorana fermions is no longer protected by a nonzero energy gap. In three dimensions, the proposed gapless topological phase may get larger parameter space, as the gapless feature is favored by high dimensionality. We hope our work would shed new insights for the exploration of topological quantum matters, in both cold-atom and solid-state systems.
